Abstract-In this paper, we describe a simple second-order delay. It is suggested that the observed behavior is organized discrete-time model for the Transmission Control Protocol (TCP) by a particular type of discontinuity-induced bifurcations:
The fast recovery algorithm is used to control data trans-the system are sampled at the end of every RTT period. We mission after fast retransmission of the lost packet. During this assume that the queue size is constant during each sampling phase, the TCP sender increases its cwnd for each duplicate period. Depending on the probability of the number of lost ACK received. The fast recovery algorithm recognizes each packets in the previous RTT period, the model includes three duplicate ACK as an indication that one packet has left the cases: no loss, single loss, and multiple packet losses. channel and has reached the destination. Since the number B C 1 N L of outstanding packets has decreased by one, TCP sender is allowed to increment its cwnd. When a non-duplicate ACK Let Wk, qu , and q be the window size, queue size, and is received, TCP switches from the fast recovery to the average queue size at the end of the sampling period k. congestion avoidance phase.
If no packet is dropped during the last RTT period, TCP Reno increases its window size. (3) qk+l (1-Wq)qk + Wq qk±.
(1) where rwnd is the receiver advertised window size, i.e., the If the average queue size is smaller than the minimum largest window size that the receiver could accept in one round. qmin and qmax the packet is dropped with a drop probability kept at rwnd until loss occurs.
th packet is dropped with a drop probability
The average queue size (1), may be calculated from the queue size at the sampling period k + 1. This queue size depends on the queue size in the previous period, the current Fig. 1 . For small wq, the IV. BIFURCATION AND CHAOS PHENOMENA IN TCP/RED system exhibits chaos with the average queue size oscillating around 7.3 packets. The system then exhibits bifurcations to TCP/RED models were shown to exhibit bifurcations and dfeethg-eidcrgms chaos for appropriate choices of system parameters [12]- [15] . The bifurcation behavior of a one-dimensional piecewise-B. Bifurcation Parameter. Maximum Drop Probability Pmax smooth continuous model of TCP/RED was investigated in [15] . Here, we employ bifurcation diagrams to investigate the The bifurcation diagram shown in Fig. 2 is generated when nonlinear behavior and dynamics of the S-model, described the RED maximum drop probability Pmax varies from 0.1 by a two-dimensional piecewise-smooth discontinuous map.
to 0.9, with step 0.001. A stable period-2 region is observed
We investigate the dynamical behavior of the average queue for Pmax e [0.1, 0.2] , when the average queue size is either size in a TCP/RED system with a single connection when 7.5 or 8.2 packets. As Pmax increases, the system exhibits a RED parameters, such as the weight factor wq, the maximum devil staircase (predicted in [5] for maps with a gap), before packet drop probability Prnax, the round-trip propagation delay locking to higher-periodic solutions for larger Prnax implying d, the minimum queue threshold qmn and the maximum that more packers are dropped (marked) as indicated by large queue threshold qmax, are varied. Other system parameters variations of the average queue size.
18 observed in a class of piecewise smooth systems. In particular, 16 it was shown [5] 
